The support of a quadruple system QS λ (v) is the set of distinct blocks in the design, and the support size is the number of distinct blocks. Let
Introduction
A t-wise balanced design of order v, block sizes K (assume that each block size in K is not less than t) and index λ, or t − (v, K , λ) design is a pair (V , B); V is a v-set, and B is a collection of subsets of V called blocks, for which each B ∈ B has |B| ∈ K , and every t-subset of V appears in precisely λ of these blocks. When K = {k}, we only write k for K . A 3 − (v, 4, λ) design is called a quadruple system and is denoted by QS λ (v). We will denote a QS 1 
(v) by SQS(v). A QS λ (v) is called simple
if there is no repeated block. The existence problem for quadruple systems has been completely settled by Hanani [10, 11] . For simple quadruple systems, we have the following result which is devoted by Phelps et al. in [18] . 3 (v) for any v ≡ 0(mod 2).
Theorem 1.2. There exists a simple QS
The main problem we considered in this paper concerns the number of distinct blocks in a QS λ (v) . The support of a QS λ (v) is the set of distinct blocks in the design, and the support size is the number of distinct blocks. Foody and Hedayat [8] describe a number of statistical applications for designs with specified support size. For triple systems TS λ (v), that is 2-(v, 3, λ) designs, the spectrum of possible support sizes is essentially determined by the work of many researchers [5] [6] [7] 19, 4] . For quadruple systems, however, little is known. Let QSS(v, λ) denote the set of support sizes of QS λ (v). Colbourn and Hartman [3] determined many values in QSS(v, λ) for λ = 2, 3. Ajoodani-Namini [2] determined the set QSS(8m, λ) for m ≥ 6 with at most 5 possible omissions for each m ≡ 0(mod 3).
In this paper, we focus on the threefold quadruple systems. Let q v = We will prove the following theorem in this paper. we then have the following existence result on QSSs.
Theorem 1.5. I(v) ⊂ QSS(v, 3)
for v ≡ 0(mod 2) and v ≥ 38.
From [2] we know that Theorem 1.5 determines QSS(v, 3) for v ≡ 2, 4(mod 6). That is we have Theorem 1.6. I(v) = QSS(v, 3) for v ≡ 2, 4(mod 6) and v ≥ 38.
Intersection of Latin cubes
Let v be a non-negative integer, let λ, k and t be positive integers. A group divisible t-design (or t-GDD) of order v with block size k denoted by GDD λ (t, k, v) is a triple (X, G, B) such that (1) X is a set of cardinality v (called points), (2) G = {G 1 , G 2 , . . .} is a set of non-empty subsets of X (called groups) such that (X, G) is a 1-design, (3) B is a family of subsets of X (called blocks) with size k, such that each block intersects any given group in at most one point, (4) each t-set of points from t distinct groups is contained in exactly λ blocks.
The type of t-GDD is defined as the multiset {|G| : G ∈ G}. We will denote a GDD 1 (t, k, v) by GDD (t, k, v). The support of a GDD λ (t, k, v) is the set of distinct blocks in the design, and the support size is the number of distinct blocks.
A GDD (3, 4 , 24) of type 6 4 has four groups of size 6. Treating the groups as rows, columns, planes and symbols establishes a one-one correspondence between GDD (3, 4, 24) of type 6 4 designs and Latin cubes of size 6. Hence we treat the intersection problem for Latin cubes of size 6 here. Three Latin cubes have three-way intersection size s 1 if there are precisely s 1 cells in which they contain the same symbol, two-way intersection size s 2 if there are precisely s 2 cells in which two of them contain the same symbol but not in all. We denote by LCI(n, 3) the spectrum of intersection sizes for three Latin cubes of order n, that is LCI(n, 3) = {(s 1 , s 2 ) : there are three Latin cubes of order n, with three-way intersection size s 1 and two-way intersection size s 2 }.
First observe that for three Latin cubes of order 2, the intersection sizes realized are (0, 8) and (8, 0) . Now a Latin cube of order 6 can be constructed from 27 Latin cubes of order 2, and hence three Latin cubes of order 6 which intersect in (8u 1 , 8u 2 ) positions exist for 0 ≤ u 1 , u 2 ≤ 27 and u 1 + u 2 = 27.
Similarly, three Latin cubes of order 3 can intersect in (27, 0), (9, 18) , (3, 18) , (0, 0), (0, 18) and (0, 27) positions. A Latin cube of order 6 can be composed of eight Latin cubes of order 3, and hence three Latin cubes of order 6 which intersect in
One can also employ three Latin squares of order 6 three-way intersecting s cells, and develop each cyclically into a Latin We also know that two Latin cubes of order 6 can intersect s positions for s ∈ S [3] , where S = {0, 1, 4, 6, 8, 12, 16, 18, 24, 27, 30, 32, 36, 40, 42, 45, 48, 54, 56, 60, 63, 64, 66, 72, 78, 80, 81, 84, 88, 92, 96, 99, 102, 104, 108, 112,  114, 117, 120, 126, 128, 132, 135, 136, 138, 144, 150, 152, 153, 156, 160, 168, 171, 174, 176, 180, 184, 189, 192, 195, 197, 198, 199, 200, 201, 202, 204, 208 We also need the following result.
Proof. We exhibit three cubes intersecting in (s 1 , s 2 ) ∈ {(0, 1), (0, 2), (0, 4), (0, 8)}. Here we underline the same value n which is in the same position of two different cubes. 4 are used in the later constructions of Sections 3, 4. In these constructions, all such ingredients employ the same groups, and any two such ingredients are on at most two common groups. Hence the set of quadruples arising from one GDD 3 (3, 4, 24) of type 6 4 are guaranteed to be disjoint from that of another GDD 3 (3, 4, 24) of type 6 4 ; we say that the corresponding GDDs are compatible. Table 2 .
We know that the result is true for k = n + 1.
We also need the following result on the support sizes of a GDD 3 (3, 4, 36) 
Block set:
A construction for QSSs
A candelabra t-system (or t-CS) of order v is a quadruple (X , S, G, B) where X is a set of v points, S is a subset (called stem) of X , G = {G 1 , G 2 , . . .} is a partition of X \ S into subsets (called groups or branches) and B is a family of subsets (called blocks) of X which satisfies the following properties: : 0). Proof. The desired design will be constructed on Z 6 × Z 3 with groups Z 6 × {i}, i ∈ Z 3 . Let
The required block set consists of the following four parts: 
2). Proof. The desired design will be constructed on Z 6 × Z 3 ∪ {∞ 1 , ∞ 2 } with groups Z 6 × {i}, i ∈ Z 3 , and a stem {∞ 1 , ∞ 2 }.
The required block set consists of the following six parts:
Lemma 3.4.
There exists a simple CQS 3 (6 3 : 4). Proof. The desired design will be constructed on Z 6 × Z 3 ∪ {∞ 1 , ∞ 2 , ∞ 3 , ∞ 4 } with groups Z 6 × {i}, i ∈ Z 3 , and a stem
The required block set consists of the following seven parts:
Lemma 3.5. There exists a simple CQS 3 (6 3 : 6). Proof. The desired design will be constructed on
We say that the QS λ (w) is a subdesign of (V , B). We use the notation QS λ (v : w) to denote a quadruple system of order v missing a subdesign of order w. If we allow the subdesign to be missing, we have an incomplete quadruple system which we will also denote by QS λ (v : w). We can regard that the existence of QS λ (v : w) is equivalent to the existence of QS λ (v) for w = 1, 2. u GDD λ (3, 4, 4g) (3, 4, 4g) If v ≡ 0(mod 6), for the unique block B ∈ {G \ {∞} : G ∈ G, ∞ ∈ G}, construct a simple QS λ (5g + s) with m 2 blocks on (B × Z g ) ∪ S. For each point x ∈ X \ B, construct a simple QS λ (g + s : s) with n 2 blocks on ({x} × Z g ) ∪ S with a subdesign on S. Denote their block set by C.
If v ≡ 2, 4(mod 6), fix a point z ∈ X , construct a simple QS λ (g + s) with m 1 blocks on ({z} × Z g ) ∪ S. For each point x ∈ X \ {z}, construct a simple QS λ (g + s : s) with n 2 blocks on ({x} × Z g ) ∪ S with a subdesign on S. Denote their block set
) ∪ C, and
Combining Lemmas 2.7 and 2.8 we have the following result. 
Remark. Moreover, if there also exists a CQS (6 3 : s) with 189 + 27s blocks as in [12] , then there exists a QS 3 (6(v − 1) + s) with more support size l, w 6(v−1)+s {1, 3, 4, 5}, {1, 3, 4, 6}, {1, 3, 4, 8}, {1, 3, 5, 6}, {1, 3, 5, 9}, {1, 3, 6, 7}, {1, 3, 7, 8}, {1, 3, 7, 9}, {1, 3, 8, 9}, {1, 4, 5, 7}, {1, 4, 6, 9}, {1, 4, 8, 9}, {1, 5, 6, 8}, {1, 5, 7, 9} 
The required block set consists of the following four parts:
{{0, 1, a, b}, {2, 3, a, b} : {a, b} ∈ F 12 }, {{0, 2, a, b}, {1, 3, a, b} : {a, b} ∈ F 13 }, {{0, 3, a, b}, {1, 2, a, b} : {a, b} ∈ F 14 }, {{a, b, c, d} : {a, b}, {c, d} ∈ F k and {a, b} ̸ = {c, d}, k ∈ Z 15 }. For simple QS 3 (12 : 6), it will be constructed on {0, 1, 2, 3, 4, 5} ∪ {0
and the blocks of a simple QS 3 (6) on the set {0, 1, 2, 3, 4, 5}.
Another construction for QSSs
In order to give another construction for QSSs, we need to introduce design fragments of types A, B and C denoted DFA 3 (s), DFB 3 (s) and DFC 3 (s), which are defined as follows: The point set of DFA 3 (s) and DFB 3 
Each consists of blocks of size 4. Blocks in DFA 3 (s) and DFB 3 (s) are required to intersect each of the three sets Z 6 × {i}, i ∈ Z 3 . Blocks in DFC 3 (s) are required to intersect both of the sets Z 6 × {i}, i ∈ Z 2 , in two points. Furthermore, the following conditions are required.
•
• Triples of the form {∞ i , a 0 , b 1 } appear three times in either one of DFA 3 (s) or DFB 3 (s).
• Triples of the form {∞ i , a j , b k } with j ̸ = k appear precisely three times in DFA 3 (s) (DFB 3 (s)) if and only if {∞ i , a 0 , b 1 } appears in DFA 3 (s) (DFB 3 (s), respectively).
• Triples of the form {a 0 , b 0 , c 1 } appear precisely three times in either one of DFA 3 (s), DFB 3 (s) or DFC 3 (s). Proof. Let
The block set of DFA 3 (2) consists of the following four parts:
The block set of DFB 3 (2) consists of the following three parts:
The block set of DFC 3 (2) is as follows:
Lemma 4.2. There exist simple DFA 3 (4), DFB 3 (4) and DFC 3 (4).
Proof. Let
The block set of DFA 3 (4) consists of the following three parts:
The block set of DFB 3 (4) consists of the following three parts:
The block set of DFC 3 (4) is as follows:
In the following construction we also begin with an SQS(v) (X ∪ {∞ 1 , ∞ 2 }, B) in Theorem 1.1 if v ≡ 2, 4(mod 6) or a CQS (6
, but delete two points ∞ 1 and ∞ 2 (we need ∞ 1 and ∞ 2 to belong the same group G 0 in CQS (6 . It is easy to see that the number of blocks in G \ {G 0 } is , construct a simple DFB 3 (s) with n 2 blocks on (B × Z g ) ∪ S. Denote its block set by
, construct a simple DFC 3 (s) with n 3 blocks on {x, y} × Z g . Denote its block set by C {x,y} . It is easy to see that the number of these pairs is
)) ∪ (∪ {x,y}⊂X\G 0 and {x,y}̸ ∈A ′ {∞ 1 ,∞ 2 } C {x,y} ), and
The result then follows from Construction 3.6.
Combining Lemmas 2.7 and 2.8 we have the following result. (1) Assume v ≡ 2, 4(mod 6) and Remark. Moreover, if there also exist DFA(s) and DFB(s) with 243 + 27s blocks as in [13] , then there exists a QS 3 (6(v − 2) + s) with greater support size l, d 6 
Proof of Theorem 1.4
In this section we will prove Theorem 1.4. Having determined certain possible support sizes, we now consider in more detail the number of blocks of size 4 in each ingredient used in Lemmas 3.8 and 4.4, however they are tabulated in Table 5 .1.
Proof of Theorem 1.4. The proof consists of the following two parts.
For the case v ≡ 2, 4(mod 12) and v ≥ 38, write v = 6u + s, s = 2, 4, where u ≡ 0(mod 2). We know that there exist an SQS(u + 2) for u ≡ 0, 2(mod 6), and a CQS (6 u+2 6 : 0) for u ≡ 4(mod 6). The result for v ≥ 74 follows from Lemma 4.4 with the facts that d 6u+s < 2q 6u+s and g 6u+s = 3q 6u+s for u ≡ 0, 2(mod 6) and d ′ 6u+s < 2q 6u+s and g ′ 6u+s = 3q 6u+s for u ≡ 4(mod 6). Here we need simple QS 3 (12 + s : s), simple QS 3 (12 + s), simple QS 3 (24 + s) and simple DFA 3 (s), DFB 3 (s) and DFC 3 (s) for s = 2, 4 as input designs, which come from Theorem 1.2, Lemma 3.9 and Lemmas 4.1 and 4.2. The result for 38 ≤ v < 74 follows from Lemma 4.4 and its Remark with the facts that d 6u+s − (v − 2)(v − 4)(27 + 3s) < 2q 6u+s and g 6u+s = 3q 6u+s for u ≡ 0, 2(mod 6) and d ′ 6u+s − v(v − 6)(27 + 3s) < 2q 6u+s and g ′ 6u+s = 3q 6u+s for u ≡ 4(mod 6). Here we need DFA(s) and DFB(s) for s = 2, 4 as input designs, which come from [10, 13] .
For the case v ≡ 6, 8, 10, 12(mod 12) with v ≥ 42, write v = 6u + s, s = 0, 2, 4, 6. We know that there exist an SQS(u + 1) for u ≡ 1, 3(mod 6), and a CQS (6 u+1 6 : 0) for u ≡ 5(mod 6). The result for v ≥ 42 and v ̸ ∈ {44, 46, 48, 60} follows from Lemma 3.8 with the facts that w 6u+s < 2q 6u+s and s 6u+s = 3q 6u+s for u ≡ 1, 3(mod 6) and s ̸ = 6, w 6u+s < 2q 6u+s + 5u + 5s 6 and s 6u+s = 3q 6u+s for u ≡ 1, 3(mod 6) and s = 6, w ′ 6u+s < 2q 6u+s and s , and s ′ 6u+s = 3q 6u+s for u ≡ 5(mod 6) and s = 6. Here we need simple CQS 3 (6 3 : s), simple QS 3 (6 + s : s), simple QS 3 (6 + s) and simple QS 3 (30 + s) for s = 0, 2, 4, 6 as input designs, which come from Theorem 1.2, Lemma 3.9 and Lemmas 3.2-3.5. The result for v ∈ {44, 46, 48, 60} follows from Lemma 3.8 and its Remark with the facts that w 6u+s − u(u − 1)(63 + 9s) < 2q 6u+s and s 6u+s = 3q 6u+s for u ≡ 1, 3(mod 6) and s ̸ = 6, w 6u+s − u(u − 1)(63 + 9s) < 2q 6u+s + 5u + 5s 6 and s 6u+s = 3q 6u+s for u ≡ 1, 3(mod 6) and s = 6, w ′ 6u+s − (u + 4)(u − 5)(63 + 9s) < 2q 6u+s and s , and s ′ 6u+s = 3q 6u+s for u ≡ 5(mod 6) and s = 6. Here we need CQS (6 3 : s) for s = 2, 4, 6 as input designs, which come from [12] .
